Recurrent system of equation (Variant of original version)
Find all real solutions of the folloving system of equations
XX + 1 = dxp,k=1,2,...,2019
Xa020x1 + 1 = 4x,;
Solution by Arkady Alt, San Jose ,California, USA.
We will solve the following general version of the problem:
For any natural m > 2 find all real solutions of the folloving system of equations

+1=dxpk=12,....m—1
(1) {kakﬂ Xk m

Xmx1+ 1 =4x;

X+l = W,k: 1,2,...,m—1
Lets; .= 4—xik=1,2,...,n. Then (1)= k =
X1 = 1
4_.Xm
tet =4—%,k= 1,2,...,m—1

(2) k andxi = 4—tr,k=1,2,...,m.

t=4--L
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Consider a sequence (t,)

neN

defined by ¢t = ¢t # 0,111 = 4 — %,n e N.
Pn

Letp, =titr...t,,n e Nandpy = 1.Thenp, =1t, t, = Do = 1,2,..., and
fn1 = 4— % becomes ]z’—:l =4 1;;’—;1 & puit —4pn +pna = 0,n € N,
Consider sequence (a,) defined by a9 = 0,a; = 1 and a,+1 —4a, + a,-1 = 0,n € N.

. An+l a . .

Since det[ " ! + 0,n € N(ana, —a’, = apian —az,n € Nimplies
ap Adnp-1

Ani1an-1 — a’ = arag —a? = —1) then p, can be represent as linear combination of

an, and a,s1,namely p, = cia, + c2an1,n € NU L0} forsome ci,cr € R.

D . . 1 =ciao+caa cr =1
Using initial conditions po = 1,p1 = ¢t we obtain P ? .
t=cia +cra cr=t—-4

(t—4%)a, + an
(t—MVap1 +a,’
Coming back to the system (2) and noting that* a, > 0 for any n € N we obtain
t—4a, + amn
h= 4_%”1 == Et—4§am_1 +ap
Am1t> = dam 1t + (Aam —am1) = 0 < apit> —damit+an1 =0,m > 2 <
P-4t+1=0t=2+/3 ox=4-(2+,/3) =27 3.
Thus, x; =x2 =...=x, =2+ 3 andx; = x» =...= x,, = 2 — /3 are all real solution
of the system (1).
* Since a; = 1,a; = 4 then for any n € Nassuming a,-; < a, and a, > 0 we obtain
Anil —ap =2an+ (@ —An1) = Apel —Ap > A —Ape] = Apel —ap > 0 & ap > ay
and, therefore, a,+; > 0.Thus, by Math Induction a, > 0,Vn € N.

n € N.

Hence, p, = (t—4)a, + a, and t, =

S (—-Van+ap =tt—4)ap- +tay, <=






